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Abstract 

We present a unified description of birational representation of Weyl groups associated 
with T-shaped Dynkin diagrams, by using a particular configuration of points in the projective 
plane. A geometric formulation of tau-functions is given in terms of defining polynomials of 
^ ■ certain curves. If the Dynkin diagram is of affine type {E^ , E^ or E^ ), our representation 

gives rise to the difference Painleve equations. 
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— u ! It is classically well-known that a certain birational representation of Weyl groups arises from 
O I point configurations. Let X,„„ be the configuration space of n points of the projective space P'"~^ 
in general position. Then, the Weyl group corresponding to the Dynkin diagram T2,m,n-m (see 
Figure [B acts birationally on X,„ „ and is generated by permutations of n points and the standard 
Cremona transformation with respect to each m points; see [|4l[5HTT|. 

We shall put our attention to the two-dimensional case, that is, m = 3 case. Only if n = 9, 
5^ \ the affine case occurs and the corresponding diagram reads ^2,3,6 = E^^^. The lattice part of the 
affine Weyl group W{E''^^) provides an interesting discrete dynamical system, called the elliptic- 
difference Painleve equation [fT5l[T7| . This (m, n) = (3,9) case was explored by Sakai [ fTTl (cf. 
[fT6l ') in order to clarify the geometric nature of the affine Weyl group symmetry of Painleve equa- 
tions; moreover he classified all the degeneration of the nine-points configuration in P^, and as a 
result he completed the whole list of (second- order) discrete Painleve equations. In this context the 
top of all the discrete and continuous Painleve equations is the elliptic-difference one, from which 
every other can be obtained through an appropriate limiting procedure. The discrete Painleve equa- 
tions are divided into three types: difference, ^-difference or elliptic-difference one, according to 
their corresponding rational surfaces (obtained by blowing up nine points of P^); see [fTTII . On the 
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other hand, even in the two-dimensional case (m = 3), by considering certain particular configu- 
rations of point sets that are not only nine points, one can enjoy Weyl groups associated to more 
various Dynkin diagrams [fT^EOl : see also Em in the higher dimensional case. 

In this paper, we present a unified description of birational representation of Weyl groups as- 
sociated with T-shaped Dynkin diagrams (see Figure [B, arising from a particular configuration of 
points in the projective plane. Our construction, in affine case: E^ , E^ and ^^ , is relevant to the 
difference Painleve equations; we refer to [|20ll in the case of ^-difference ones. 

In Section [H we first start from /"i -I- ^2 + ^3 points in P^ restricted on three lines L, (z = 1, 2, 3) 
meeting at a single point, where the £{ points lie on each L,. Let X be the rational surface ob- 
tained from P^ by blowing up the £[ + €2 + ^3 points. We can find naturally the root lattice of 
type 7^1/2/3 included in the Picard group Pic(X) of the surface. The corresponding Weyl group 
W = W{Tt^^c^J^) acts linearly on Pic(X). Next, in order to lift this linear action W : Pic(X) O to 
the level of birational transformations on the surface X itself, we introduce a geometric formula- 
tion of tau-functions . Recall that a smooth rational curve with self- intersection -1 is said to be an 
exceptional curve (of the first kind); see e.g. O. An element of W induces a permutation among 
exceptional curves on X, as analogous to the classical subject: 27 lines on a cubic surface and a 
Weyl group of type E(,. The tau-function is defined by means of appropriately normalized defin- 
ing functions of the exceptional curves; see (11.31) and (11.41) . Today the notion of tau-functions is 
universal in the field of integrable systems and it is characterized in several directions; however, 
such an algebro-geometric idea of tau-functions first appeared in the study of the elliptic-difference 
Painleve equation by Kajiwara et al. (Si (see also [[HI |20l |2T]| for subsequent development). By 
imposing on the tau-function a certain compatibility with the linear action W : Pic(X) O, we 
finally obtain a birational representation of W acting on the tau-function and the homogeneous 
coordinates of P^ (Theorem ll.il) . Section [2] concerns the affine case (E'-^-' = ^333, £7^^ = 7442 and 
Ei = Tg 3 2); we demonstrate how to derive the difference Painleve equation for each. 




Figure 1 : Dynkin diagram T, 
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1 Birational representation of Weyl groups and tau-functions 

We begin with considering the ^1 -I- ^2 + ^3 points in the complex projective plane P^ restricted on 
three lines L, (z = 1, 2, 3) meeting at a single point Pq, where we arrange /", points on each L, \ Pq. 
Let X = [xi : X2 '■ xj,] denote the homogeneous coordinates of P^. By PGL3(C)-action, we can 
normalize, without loss of generality, the three lines and the point configuration {P'"}i<i<e,„;m=i,2,3 to 



be as follows: 



Li = {Xj = Xk] for {/, j,k} = {l, 2, 3}, 



P] = {b]:b] + l: b]] {\<i< £2), 
P] = [b^ :b^:bUl] {I < i < £,), 

where SZ^f = -1 + ao + Ci + C2 + C3 - 3c^ and Z?™ ^ = Z?™ + af (1 < / < 4 - 1; m = 1, 2, 3) with 
Cm = Z^rr^l ~ 't^'^T- Here a = (ao, ('5(f)i<!<4,-i;m= 1,2,3) G c^i+^2+''3-2 p^^y roles of free parameters. 
We will show later the meaning of a as root variables corresponding to the Dynkin diagram Tci^^^h- 
Let ;7r : X ^ P^ be the blow-up at the £1+ £2 + £^ points P™. The Picard group of the surface X 
thus obtained is expressed as 



Pic(X) = Z/i ® Zef (= Z^'+^^+^3+iJ _ 



1=1,...,^™; 

m= 1,2,3 

Note that in this case Pic(X) is isomorphic to the second cohomology group H^(X, Z) because X is 
a rational surface. Here we denote by h the linear equivalent class of n'^ of a line and by e™ the 
class of exceptional curve n'^{P'"). The intersection form ( | ) : Pic(X) x Pic(X) — > Z is given by 

(h\h) = 1, (eT\e"j) = -6ij6^,,, (hlef) = 0. 

The anti-canonical class -Kx = 3h - Jji,„e1' can be decomposed as -Kx = Di + D2 + D3, 
where the classes D^ = h- Yli=\ ^7 ^^ represented by (the proper transforms of) the three lines L^ 
(m = 1, 2, 3). Let Q be the orthogonal complement of {Di, D2, 1)3} with respect to the intersection 
form in Pic(X). Then we see that 2 is a root lattice generated by the (-2)-vectors a^ = e"' - e"l 
and Uijk = h - e] - e^. - e^. Moreover we can choose a basis B = {a^ = am, a'" = a^.^j (1 < 
i < £m- ^,m = 1 , 2, 3)} of 2. The intersection graph (Dynkin diagram) of B is of type ^^1,^2/3 ^^^ 
looks as follows: 

a] 
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»l-i «I ao a] a\_^ 

We define the action of the simple reflection corresponding to a root c e 2 (i.e., a^ = -2) by 

Raiv) = V + (v\a)a 

for V e Pic(X). Note that the intersection form is preserved by R^. We also prepare the notations 
■^0 = Rao and 5™ = Ra'", for convenience. We summarize below the linear action of generators sq 
and s'!' on the basis of Pic(X): 

so{h) = 2h- e\- e\- e\, 
So{e\) = h - e\ - e{ for {/, j,fc} = {1,2,3}, (1.1) 

m( m ~, _ m 



It is easy to check that the Weyl group W = {Ra}aeQ = (sq, s"' (I < i < trn-^,fn = 1, 2, 3)) acting 
on Pic(X) indeed satisfies the fundamental relations [|7]| specified by the Dynkin diagram T^, f, f^. 

Now we shall extend the above linear action of W : Pic(X) O to the level of birational transfor- 
mations on the surface X. We first fix the action on the root variables a^ and a'" (1 <i<im-^,tn = 
1,2,3) as 

*o(«o) = -^0, *o(«T) = cio + <, ., ^^ 

where a'^ = gq. We consider a sub-lattice M = |Jn=i,2,3 ^n of Pic(X), where 



M„ = W.{e1} 






K = dh- 2_^lx)e)e¥ic{X) 



'J 



A2 = -1, (A|D„) = 1, (A|AJ = (m ^ n) 
J > 0; if J > 0, then n) > for V(?, j). 



A divisor class A e M G Pic(X) is represented by an exceptional curve because A^ = {A\Kx) = -1. 
Moreover, each class A = dh - TjUmMT^T ^ ^ corresponds to (the proper transform of) a unique 
plane curve Ca passing through P" with multiplicity fj.'" as its representative. Let Fa = F/^(a; x) 
be the normalized defining polynomial of Ca such that the following key condition is satisfied: 

FA(a;l,l,l) = l. (1.3) 

Notice that Ca never passes through the point Pq = [I : 1 : 1] = Li n L2 n L3 by definition. Let 
us take for example A = h- e'" - e" e M, which is represented by the line passing through P" and 
P"; thus we have 

F,_,»._,«(a; JC) = (1 + bf + b"j)xe - bTx,„ - b)xn for {£, m, n] = {1,2, 3}. 

We introduce new variables r'" attached to the points P"', and prepare a field L = K(x; r) of rational 
functions in indeterminates x,„ and t'" (m = 1,2, 3; 1 < / < £,„) with coeflicient field K = C(a). 
By means of the normalized defining polynomial, we define a function t : M ^ L = C(a)(jc; r), 
called the tau-function, by the formula 

T{A)Wr{erf' =F^{a-x) (1.4) 

i,m 

for A = dh- T,i,nfJ-T(^T ^M{d> 0), and 

T{eT) = ir- (1-5) 

By imposing the following assumption: 

w.T(A) = t(w.A), (1.6) 

one can fix the action of Weyl group W' on L = C(a)(jc; r) in the following manner. For a rational 
function ip{a\ x\ r) e L, we suppose that an element w eW acts as 

w.ip{a\ x; t) = (p{a.w, x.w; t.w). 



that is, w acts on the independent variables from the right. We now determine the action of the 
generators ^o and si' from (11.61 ) as a necessary condition. In view of So{e\) = h- e\ - e\ {{i, j, k} = 
{1,2,3}), we have 



soirl) 



.k\ 1 1 



t't^ 
'I'l 



The other t'."'s {i i^ 1) are kept still by i'o-action. Applying ^o to F^^^^, _£>(«; x) = tQi - e\ - e[)T\T[, 
we have 

(LHS) = 5o(F,_^,_,.(a;x)) 

= F ^^_^i^_^j{so{a)\ so{x)) 

= {\+b\+ b{)sQ{Xk) - b\sQ{Xi) - b\soiXj), 
(RHS) = so(T(h - e[ - e{)T\T{) 

= i\T{h - e{ - e\)T{h - e\ - e\) 

Fu-e^-Aa; x)F^_._Aa; x) 



12 3 ' 
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where {i, j, k} = { 1, 2, 3} and 

b\:=so(b\). (1.7) 

Solving the above equations with respect to So(xi), we obtain 

(i+b[)fjf, + b{ftA + b\Mj 

where 

fi:=F,_^^_^,(a;x) = (l+b{+b\)xi-b{xj-b\x, for {/,jU} = {1,2,3}. (1.8) 

The action of s'" is much simpler and is realized as (just a permutation of r-variables) 

^i V'|/,,-+l)^ - '|(+1,,)' ■'i V-*^ - •*•• 

Summarizing above, we have the 

Theorem 1.1. (I) Define the birational transformations sq and s'" by 

So(r\) = ^, (1.9a) 

t\t\ 

{\+b\)fjfu + b\fifu + b\fifj 

{\+b\+b\ + b\)T\r\r\ 

where {/, j, fc} = {1, 2, 3}, and 

^rcr;:;,,!,) = T-,1,,. (i.9c) 

Then (11.9! ) with (11.2!) realize the Weyl group W = W{Ti^^i^^[^) over the field C(a)(jc; r). 
(II) Moreover (11.41) and (11.61) are consistent. 



Proof. (I) By direct computation, we can verify that (11.91 ) indeed satisfy the fundamental relations 
ofW. 

(II) We will show that the formula (11.41 ) can be recovered inductively by (11.61) and (11.91 ). First, 
if K = h - e\ - e[ e M, then (|1.4I) follows immediately from (|1.9a|) . Next we assume (|1.4I) is true 
for A e M. It is enough to verify for A' = w(A) where w e {^o, s'"} is a generator of W. Since the 
action of sf is just a permutation of t- variables (see (|1.9cl )), we will concentrate our attention on 
the only nontrivial case w = sq. Applying so to (|1.4I) . we have 



so{F/^{a;x)) = so 



i^YW/^ 



\ ij 



soir'y 



K^o.A)n(r7^np^ 

i,j 1=1,2,3 ^ ' 1 

f, 1" 



= r(...A)n(r;r;nb77 ■ 

iJ (=1,2,3 V ' 1 ' 1 ' 1 / 



Noticing i'o-A = A + (A|Qro)«o = A + (d - fj.\ - f/^ - fJ.])(h - e\- e\- e]), we can verify (11.41) for 
A' = 50. A immediately from the lemma below. D 



Lemma 1.2. We have 

,j, , ,, ^.vo.A(q;-y)n,-=i,2,3(/f'' ,, ,^, 

s^iFtSaw)) = (1.10) 



for A = dh- Y^ijf^Wj G 



M. 



Proof. The multiplicity of the curve Ca = {Fa = 0} at P[ = [fj = fk = 0} ({ij,k} = {1,2,3}) is 
given by iu[ = ordpi{Fj^). That is. Fa can be expressed as a polynomial in f (i = 1,2,3) of the 
form 

Fa= Yj Ak,t,M(fit(f2t(f3t, A,„,,,,3 e C(a) 

ki+k2+k3=d 

such that Ajt,,A:2,/t3 = unless < ki < d - jjl\ (i =1,2, 3). By using So{f) = fjfkl{T\T\T\), we have 
^o(i^A) ^^'^'^'\^> = Yj ^M,-t,,.3(/i)''"''''(/2)'"'^'''H/3)'''^'^'^ =: G{x). 

n;=l,2,3(/!) ' ki+k2+k3=d 

We let kj = d - n\ - ku d = 2d - n\- n\- n\ and Ai^i^i^ = Ak^,k2,ki■ The polynomial G{x) can be 
then written as 

G{X)= Yj 4,fe,fe(/l)''(/2)'H/3)'^ 

^1+^2+^3=^? 

where A-^^i^i^ = unless < kj < d - /u\ = d - {d - ix\ - iu\). Therefore, the curve {G(x) = 0} 
represents the divisor class ^o.A. Since fi\x=(i,i,].) = 1, the normalizing condition (11.31) of Fa yields 
I,Ak,,k2M = 1- Hence G(l, 1, 1) = Z^li,l2,^3 = I^AkiMM = 1. and so G = F,o.a as desired. n 



Remark 1.3. By virtue of the geometric characterization (11.41) of tau-function, we can trace the 
resulting value for any iteration of the Weyl group action (Theorem ll.il) by using only the defining 
polynomials of appropriate plane curves, although it is in general difficult to compute composition 
of given rational maps. Also, note that the defining polynomial of a curve has a determinantal 
expression involving information with respect to the multiplicities at enough points; see e.g. IfTTI . 

2 AfRne case and difference Painleve equations of type E 

From Theorem 1 1.1[ one can also realize the Weyl group W = V^Cr^i/j/s) ^s birational transforma- 
tions of inhomogeneous coordinates of P^. In this context, tau-functions play roles of heights in the 
sense that the original inhomogeneous coordinate is recovered as a ratio of them. In this section, 
we consider the affine case: E''^-' = Ta 3 3, E^^ = ^44 2 and E''^^ = Tg 3 2, in which our realization 
of Weyl groups on inhomogeneous coordinates is equivalent to that of Sakai's formulation flTl, 
and therefore it is relevant to discrete Painleve equations. Recall that discrete Painleve equations 
are divided into three types: difference, ^-difference or elliptic-difference; our setting corresponds 
to the difference one. For each case, we will derive the difference Painleve equations in terms of 
appropriately chosen coordinates. 

2.1 4^^ case (£1 = ^2 = ^3 = 3) 

The Dynkin diagram of type fig^^ = Ti,3,,3 is 




12 3 4 5 



;^(i) 



Let {ao,a[,a2,a3,a4,a5,a(,) be the root variables of E^'. The transformation from the original 
variables ao, a™ (used in Section[T]) is given as follows: 

1 2 3 

ao :=> 6(3, an2| •=^ ^{2,1|, «m2| -^ ^^{4,5)5 ^ji^2| -^ ^|6,01- 

We define the action of simple reflections Si on the root variables by Si{aj) = aj - atCij, where 
Cij is the Cartan matrix of E^ . Let i, (/ = 1,2,3) be the diagram automorphisms defined by 

il(<2{0,l,2,3A5,6|) = '3(5,1,2,3,6,0,415 '2(6[{0,1,2,3,4,5,6|) = <3|i,o,6,3,4,5,2| and i3('3|0,l,2,3,4,5,6|) = ^|(),5,4,3,2,1,6|- 

Let us consider the change of the variables ^ : P^ — > P' x P' given by 

/F;,_,i_,2(a;x) Fh-e{-e](a;x) 
(f : [xi : X2 : X3] \-^ (u, v) = , 

\ X2 — X3 Xi — X3 

This transformation is obtained by blowing up the points P\ and P^, and blowing down (the proper 
transform of) the line {F;,_gi_g2 = 0} which passes through the two points. Note that the sum of 
three lines Li U L2 U L3, which is invariant under the action of the Weyl group, is generically 
transformed into {w = 00} u {v = 00} u {w = v} by (p. 



From Theorem |1.1[ we have the following realization of W(E''^'') = (sq, ■ ■ ■,S(„ li,L2, h) on 
(a,v): 

u(v - a2) 
siiu) = , ^2(v) = V - a2, 

V 

S'iiu) = u + a^, st,(v) = V + a^, 
, . , . v(u-a4) 

S4{U) = u - a4, S4{V) = , 

u 

L\{u) = -u - a-i, ti(v) = , 

u -V 

u{v + as) 

i2{u) = , i2(v) = -V - as, 

V - u 

L^{U) = V, i3(v) = U. 

Here the symbol W stands for the extended group of W by its diagram automorphisms. The 
birational action of a translation in W(E'-^-') yields the difference Painleve equation. We take an 
element 

T = {L3LiS(,SQS3S4SeSi,S5S4f 

acting on the root variables as their shifts: T{aQ,ai,a2,a3,a4,a5,a()) = (ao, ai,a2 + 5, a3,a4 - 
6, as, ae), where 5 = ao + ai + 2a2 + 3a3 + 2a4 + as + 2a^ corresponds to the null root. Let u = T{u) 
and V = T~^{v). Then we have the system of functional equations: 

v(v + a3)(v + a3 + ae){v + a^ + a^ + ao) .. , , 

{u-v)(u-v) = , (2.1a) 

(v - a2)(v - ai - a2) 

u{u + ay)iu + a3 + a(,){u + a3 + a(, + ao) .. , , , 

(v - u)(v -u) = . (2. lb) 

~ {u- a4){u — a4 - as) 

This is called the difference Painleve equation of type E^ . 

2.2 E^^^ case (£i = ^2 = 4, ^3 = 2) 

The Dynkin diagram of type Ej^-* = 74,4,2 is 




12 3 4 5 6 

Let (ao, ai, a2, a^, a4, as, a^, a?) be the root variables of E''^\ Here we have replaced the variables 
ao,a™ (used in Section[T]) as 

1 2 3 

ao :=> a3, ^11,2,31 -^ ^|2,i,0|5 ^{1,2,3) -^ ^^{4,5,61, ^1 :=> ^i- 

Define the action of simple reflections Si on the root variables by Siiaj) = aj-atCij, where C,y is the 
Cartan matrix of E^'^ Let i be the diagram automorphism defined by i(a|o,i,2,3,4,5,6,7|) = '5[{6,5A3,2,i,o,7|- 



We first blow up the two points P], Pi and blow down (the proper transform of) the line 
L3 = {xi = X2}. This procedure yields the birational map ^1 : P^ ^ P^ x P^ given by 

, , , ({b] + l){x,+X2)-2blx3 ibl + l)(x,+X2)-2blx3 
<pi : [xi : X2 : X3] ^ (mi,vi) = , 

\ A;i - X2 Xi - X2 

In addition, we apply 

/ gq + 2ai + 3^2 - 3a4 - las - «6 cio + 2ai + 3a2 - 3a4 - la^, - ag 
Vi ■ ("i,vi) 1-^ (m,v) = Imi + ,vi + 

Note that Li U L2 U L3 is generically transformed by ^ = ^2 o Vi into two curves {m - v + a? = 
0} U {w - V - a? = 0} c P^ X P' of bidegree (1, 1) tangent to each other at (00, 00). 
From Theorem [LTJ we have the following realization of WiE*^^) on (m, v): 

S2(u) = u - a2, S2(v) = V - a2, s^iv) = V, S4.{u) = u + a4, S4(y) = v + 04, 
l{u) = -u, i(v) = -V, 

where v = v(u, v) is a rational function determined by 

u - V + a^ + aj (u + a^){u - v + a?) 
u -V - ut, - Qi {u - a^){u -V - a-]) 

Let us take an element 

acting on the root variables as r(ao, «i, «2> ^3. cia, <^5-, 0-6-, «?) = {<^o^ ai,<^2, ^3 - ^^ '^[4, a^, ag, a? + 25), 
where 6 = aQ + 2a\ + 3a2 + Aa^, + 3a4 + la^, + ag + lay. Let w = T{u) and v = r*^(v). Then we have 
the system of functional equations: 

{v - u + a-i - 5){v - u + aj) 

(2.2a) 

(v - M - ay + 6){v -u - a-]) 

(u + a^){u + a3 + 2a4)(M + as + 2a4 + 2a5)(u + a3 + 2a4 + 2a5 + 2a6) 

(m - a3)(M - a3 - 2a2){u - gt, - 2a2 - 2ai){u - a^ - 2a2 - 2ai - 2ao) ' 

(m - V - ay - 6){u - V - ay) 

(17 - V + ay + 6){u - V + ay) 

(v + a3 + ay)(v + a3 + 2a4 + ay)(v + a3 + 2a4 + 2a5 + ay)(v + a3 + 2a4 + 2a5 + 2a6 + ay) 

(v - a3 - ay)(v - as - 2a2 - ay)(v - a^ - 2a2 - 2ai - ay)(v - as - 2a2 - 2ai - 2ao - ay) 
This is called the difference Painleve equation of type Ej . 

2.3 4^^ c^s^ (^1 = 6, ^2 = 3, £3 = 2) 
The Dynkin diagram of type E*^^ = 76,3,2 is 
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12 3 4 5 6 7 



Let (ao, ai,a2, a^,, a^, a=,,a(„ a-i, a%) be the root variables of £3 . The interpretation from the original 
variables ao, a'J' (in Section [U) is given by 

1 2 3 

Qq :=> as, ^11,2,3,4,5) '^ ^^{4,3,2,1,01, ^{\,2\ '^ ^{6,7), ^i '-^ (^S- 

Define the action of simple reflections 5, on the root variables by 5,(ay) = Uj - atCtj, where Cij is 
the Cartan matrix of E^\ 

First we blow up the two points Pj, Pj and blow down (the proper transform) of the line 

{Ff,_^2_g3 = 0}. This yields the birational map (pi : ¥^ ^ ¥^ x P^ of the form 



-1 1 



ipi : [xi : X2 : ^3] 1-^ ("i,Vi) = , 

\ -f 1 — -^2 ^l ~ ^3 

Secondly we blow up P^ : (mi,vi) = (-a6,oo) and Pi : (mi,vi) = (00, -ag), and blow down the 
lines {mi = -a^} and {mi = 00}. Then we have the birational map ^2 : P' x P' O written as 

<f2 ■ ("1, vi) 1-^ (m2, V2) = (Ml + ae, (Ml + a6)(vi + ag)). 

Thirdly, by blowing up (m2, V2) = (0,0) and Pj : (m2, V2) = (-ay, 00) and contracting {v2 = 0} and 
{v2 = 00}, we obtain the birational map (^3 : P' x P' O, 

, . , . (v2(U2 + a7) 

<P3 ■ ("2, V2) 1-^ (M3, V3) = , V2 

\ "2 

Finally we apply the linear transformation 

tp4 : (M3, V3) 1-^ (u, v) = (Auj + (ae + a? - as)^, 4v3 + (ag - ag)^) . 

We see that Li U L2 U L3 is generically transformed by (^ = i/?4 o (^3 o ^2 o Vi into the curve 
{(m - v)^ - 2a7^(M + v) + a?'^ = 0} c P^ x P' of bidegree (2, 2) with a cusp at (00, co). 
By virtue of Theorem ll.li we have the following realization of W(E^ ) on (u, v): 

s^iu) = u, Sj(u) = V, s-]{v) = u, 

where ii = u{u, v) is a rational function determined by 

u - {a-j + ag)^ u - (a^ + aj + a^)^ v - (a^ - a^)^ 
u - {qj - U'gf u - (a^ + aj - ag)^ v - {a^ + a%f 

Alternatively, with respect to the variable (cf. lfT4]| ) 

V - u + a-T^ 

r = 



2a7 

we can describe simply the action of 55 as a linear fractional transformation 

(v + (ae - a^){a(, + a^W + 2a6V 



^6(r) 



2a6r + V + (a6 - a^){a(, + ag) 
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Consider an element 

acting on the root variables as T(aQ,ai,a2,a3,a4,a5,a^,aT,as) = {aQ,ai,a2,a3,a4,a5,a(, + 6,a-j - 
15, a%), where 6 = aQ + la^ + 3a2 + 4a3 + 5a4 + 605 + 4^6 + 2a-i + Sag. Let u = T{u) and v = r"'(v). 
Then we have the system of functional equations: 



(a - V - (a? - df) (u-v- a?^) + Aajiaj - 6)v q^(^q-^ 



V) 



(2.3a) 
(2.3b) 



la-i {u-v - ia-] - 6Y) + 2{a-i - 6){u -v - aj^) G^iO; v) 

(m - V + (ay + ^)^) (m - V + ay^) + 4a7(a7 + 6)u ^ 04(6 + a?!; u) 

lai (m - V + (a? + (5)2) + 2(a7 + 6){u-v + aj^) ^3(6 + ayl; m) ' 

called the difference Painleve equation of type E'^^K Here we introduce the polynomials 

G4{6\ V) = V** + (T2V^ + 1X4 V^ + (T(,V + CTg, 

G3(0; v) = cr\V^ + cr3v2 + o-=,v + cry, 

where cr, is the ?-th elementary symmetric function of the eight variables 9 = {9i, . . . ,6^) with 
01 = ae- as, 62 = ss(6i)(= a^ + a^), 63 = ^5(^2), O4 = 54(^3), 65 = ^3(^4), ^6 = ^2(^5), Oj = siiOe) 
and Og = sq{6j), and the symbol 1 denotes (1, . . . , 1). 

Remark 2.1. For reference, we mention some known results about the difference Painleve equa- 
tions of type £''/■' (r = 6, 7, 8); these equations were originally discovered by Grammaticos-Ohta- 
Ramani [il5l (see also good review articles [IBIIBl with a list of discrete Painleve equations). The 
associated Lax formalisms (or linear problems) were established by Arinkin-Borodin [IJ for E^ 
and by Boalch [3] for E^^ and E'-^^\ respectively. It was recently reported by Kajiwara (81 that 
for all £'r^^ cases they admit special solutions in terms of the hypergeometric functions in Askey's 
scheme as well as the ^-difference ones [fTDJI . 

It often occurs in discrete/continuous Painleve equations that an interesting class of solutions 
(written by means of Schur function and its variations) is generated by the Weyl group action from 
a fixed point of diagram automorphisms. In connection with integrable systems like KP hierarchy, 
we will study elsewhere such solutions based on the framework of tau-f unctions (cf. [fT3l[T9l ). 

Acknowledgements. The author wishes to thank Kenji Kajiwara,Tetsu Masuda, Mikio Murata and Yasuhiko 
Yamada for fruitful discussions. Research of the author is supported in part by JSPS Grant 19840039. 
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